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G Finite words
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A - alphabet (a set of symbols)

A*- the set of finite words over A

(A*,+)-isa
- concatenation (1) is associative (u+v)+w=u+(v+w)
101010+1111=1010101111
- the empty word € is the neutral element

(A*, 1) is called the oh the set 4.

- no inverse operation, no commutativity




S Infinite words
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A - alphabet (a set of symbols)

A - the set of right infinite words over 4

For example, if 4={1,2}, then the words are:

w:NT — {1,2)

w=w()ww3)--- € {1,2}*




e Sturmian words
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The word w is called a factor of a word u if there exist
words x, vy such that u=x+w+y.

1222 is a factor of 000022211113213110101001

10101 is a factor of 10101010101010101
ABCDA is a factor of CBBBDACADBCAABCDA

10101 is a factor of 10101




e Sturmian words
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Sturmian words are infinite words which have exactly
m+1 different factors of length m for every natural m.
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Sturmian words are infinite words which have exactly
m+1 different factors of length m for every natural m.

m=1 > two letters (binary words)

10101001010010101001010010101001010010100...




Pk r
xS
..._HJ-:'. A

e Sturmian words
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Sturmian words are infinite words which have exactly
m+1 different factors of length m for every natural m.

m=1 > two letters (binary words)

10101001010010101001010010101001010010100 ...
m=4

1010, 0101, 0010, 1001, 0100.
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e Sturmian words
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Sturmian words are infinite words which have exactly
m+1 different factors of length m for every natural m.

m=1 > two letters (binary words)

10101001010010101001010010101001010010100 ...

m=4

1010, 0101,0010, 1001, 0100.
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o Sturmian words
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Sturmian words are infinite words which have exactly
m+1 different factors of length m for every natural m.

m=1 > two letters (binary words)

10101001010010101001010010101001010010100 ...

m=4

1010, 0101,Q010, 1001, 0100,




Balanced words (binary)
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n - the length of the word

m - any positive natural number less than n

Each m-letter long factor of this word can contain either kor k+1 1's

An example:

10101001010010101001010010101001010010100

4 6
k=6
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2 Balanced words give straight lines
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10101001010010101001010010101001010010100
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Upper and lower mechanical, characteristic words
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s'(a),s(a):N — {0, 1}
YneN s (a)=laln+1)] - [an],

spla) = la(n+1)| — |an ]
cla):NT — {0,1}
YneNT cua)=la(n+1)]—|an]




Sturmian words : different characterizations
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Theorem Let s be an infinite word.
The following are equivalent:

e s is Sturmian;

e s 1s balanced and aperiodic;

e s is irrational (lower or upper)
mechanical.
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Gt Digital geometry - straight lines
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The arithmetical expression of the R'-digitization

of the line y = ax for irrational positive a less than 1 :

Dp(y = ax) = {(k, |ak]|); k € Z}




s Digital geometry - straight lines
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The R'-digital line y = ax with irrational slope

a=[0;a ,a,..] (5,[5al) (6,[6al) (7,[74])

3.3d]) (4.[4a)

(1L[a]) @.[2d)
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Digital geometry - straight lines and mechanical words
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The R'-digital line y = ax withslopea =[0;a ,a , ..
and the corresponding upper mechanical word s'(a) :

§'(a) = 10010010010001...

4 (114 (124

[4a]- [3a] = 1 73 (83) (93)

|3a]-12a]=0
2al-lal=0 : {5;] {69]
1-0=1 | ' '

10a| -|9a] = 1
O\ GO\ GO LT ¢ | [8al- |7a]= UL‘JJ\LS ~
: : : L"cd | 6a] = 1

(U(D// | 6a]-|5a]=0
f 15a]- [4al = 0




sy Digital geometry - the concept of run
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the chain code

10 0 0

(L,1) 2,1) 3.1) (4.1)




i Digital geometry - the concept of run
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P - the n™ prefix according to the run hierarchy

S, - short run of level n

L, -long run of level n

L= 0,1,2,1,1,3,1,1]

Ps =85 = SiLy = (L3S9)(LsS37) = (L") LaS) MLy S)(L,S,)*
- (Slzl‘1)'2‘Srll‘l(‘srlzl‘ISIL1)2(5121‘1)'ESILI(SIELISIL1)3
= (11102110(11101102(11102110(1110110)*

)




Ll Digital geometry - the concept of run
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Two run lengths on level 1: runs, S.=10"and L =10"""

s 1000000 L, 10000O0O0OC

1 1

Two run lengths on level 2: rtuns, S=S.L*and L,=S L *"

or S,=S'L, and L,=S "L

Two run lengths on level n: runs S=S L 'andL =S L !

or Sn=Sn—lan—l and anSn—llﬂLn—l
or Sn=Ln-1Sn—1l and lzn=lzn-15’n—llJrl

orS=L 'S and L =L "'§




Hierarchy of runs - runs on level i+1
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Sp'Ly Lp'Sp Sply!




B Hierarchy of runs
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Three questions. About:

the run length on level k+1

the main run on level &k

the first run on level k
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G Continued fractions - notation
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= 0;ay, a9, as, . ..
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Continued fractions - the CF-elements

LIPPSALA
UNIVERSITET




e Continued fractions - a definition
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a = [ap; ar, a2, a3, . ..

ag=a; tor n>0:

1
L n.J ; n+1 o

n — Un
1

B frac(ay,)




e Continued fractions - an example
LIPPSALA
UNIVERSITET

|

‘ 1
t)—l—l—.f

D,
<)

13,6, 2].




L Continued fractions and decimal expansions
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U R
01111+ -+ = = = [0:9]

0:1,1,1,.. ] = 0.6180339887 . . .

VAol
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b 5 Periodicity of continued fractions
URIY :R F:T ET

The CF-expansion of a is periodic

a is a quadratic surd
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Quadratic surd (quadratic irrational) ...
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.. 1S an algebraic number of the second degree, i.e.:

is irrational and is a root of some equation

ax*+tax+a=0
2 1 0

with integer coefficients.

Vh —1

2

is a root of ._’132—|—._’IJ—1ZO
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b 5 Periodicity of continued fractions
URIY :R F:T ET

0;1,1,1,1,...]
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Periodicity of continued fractions
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0;1,1,1,1,...
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The CF-expansion of a is periodic

\\/ Euler 1737

a is a quadratic surd
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Periodicity of continued fractions

The CF-expansion of a is periodic

Lagrange 1770 /\ \

\\/ Euler 1737
a is a quadratic surd
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Continued fractions and decimal expansions

CF-expansion

decimal expansion

finite

infinite

periodic

irrational
(quadratic surd)

aperiodic

irrational

(no quadratic surd)

irrational
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ZES Continued fractions - periodic patterns
AR (Euler 1737)

1,2,1,1,4,1,1,6,1, ..., 1,2k, 1,.. ]




P Continued fractions - periodic patterns
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e—2 = [O;??? e ? - ]
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c—2

Continued fractions - periodic patterns
(Euler 1737)

0:¢2. 20 4.246.D.... Q26D ]
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£ Continued fractions - periodic patterns
AR (Euler 1737)

Ve—1=[0;2k —1)n — 1,1, 1]g=)
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for k > 2

tan(1/k) = [0;k—1,1,2n+ 1)k — 2],2,4
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s Continued fractions - periodic patterns
UNIVERSITET (Lambert 1761)

for k > 2

tan(1/k) =[0;k—1,1,2n 4+ 1)k — 2]724

tan(1/2) = [0;1,1,4,1,8,1,12,1, 16, . . .
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Combinatorics on CFs




Important issues
LUIPPSALA
UNIVERSITET

Two equivalence relations on the set of slopes

A new fixed point theorem for words
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A new fixed point theorem for words

A new CF-description (essential 1's, run hierarchy)
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£ An informal introduction to the equivalence relations on CFs
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a=|0;1,as.1,1,a5,1,1,as, a9, 1, ayy, a2, 1.1, 1, ayg, arr, . ..
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a=|0;1(as) 1,1, a5, 1,1, as, ag, 1, ayy, a2, 1.1, 1, ayg, arr, . ..
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An informal introduction to the equivalence relations on CFs

|

a = |0; 11 (1..2(1..55 1.1, as.a9,1,a11.a12. 1, 1,1, ayg, ay-, .
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An informal introduction to the equivalence relations on CFs
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a = |0; 11_._ l.ag,aq.1, a1, a2, 1, 1.1, ays, aq-. . ..




An informal introduction to the equivalence relations on CFs

|

a = |0; 1 as, g, 1. ayy.ap. 1, 1.1, ag, ar-, . ..
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An informal introduction to the equivalence relations on CFs

L

a = [0; 1ax)1, Dlasl0. Dag)ao. 1, ary. ara, 1.1, 1, ag. ayr. .

LIPPSALA
UNIVERSITET




ST,

T

ﬁh’

i"l-\,:?

LIPPSALA
UNIVERSITET

An informal introduction to the equivalence relations on CFs

L

= [0; 1(ax)@, Dasl, Wasfao)l, ary, aro, 1,1, 1, as, arr, .



An informal introduction to the equivalence relations on CFs
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a = [U 1 192, L L 1 a6, A17. -
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An informal introduction to the equivalence relations on CFs

R

a = [0; 1 (a1, Vasl(. Vasfag )L, a)ai 1.1, 1, asg, arz. . ..
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An informal introduction to the equivalence relations on CFs
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G An informal introduction to the equivalence relations on CFs
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£ An informal introduction to the equivalence relations on CFs
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(bk)zc:l (1 as, 1?1 as,

A #

(b )iy = (b1, ba, b3, by, bs,
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(bk)zc:l (1 as, 1?1 as, ?l (18

(br )=y = 51 bz bs, 54_. b5, bfi_
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(bk)zc:l (1 as, 1?1 as, ?l (18 (19

(br )=y = 51 bz bs, 54_. b5, bfi,b?_




An informal introduction to the equivalence relations on CFs

NI R

=0 1_., DO -

LIPPSALA
UNIVERSITET

b,zc x: 1 {12 1 1 ar l (18 (19 1 a1,
(bk )iz =

(br )=y = 51 bz bs, 54_. b5, bfi,b?. bs,
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(bk)zc:l (1 as, 1?1 as, ?l (18 (19 1?(111 (113

(br )=y = 51 bz bs, 54_. b5, bfi,b?. bs, 59__
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(bk)zc:l (1 as, 1?1 as, ?l (18 (19 1?(111 (113 1?

(br)r—, = 51 bz b3, 54_. bs. bﬁ,b?. bs. 59_. b1o.




: An informal introduction to the equivalence relations on CFs
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\\v

( )1 = (1,{12 1 1 ar l (18 (19 1 a1, (113 1 1 1 16,
A

(br)iy = (b1, b2, b, 54_. b5, bfi,b?. bs, 59_. bio,  bi1,

o
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(bk)zc:l :(1__{12 1?1 as, ?l (18 (19 1?(111 (113 1?1 l?am air, .

(bk)';;;lz(fh, ba, b3, 54 bs, bfi 377 bs. bg bio, b11, bia,.
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\\v

(bk)zc:l = (1,{12 1 1 ar 1, (18 (19 16D ar, (113 1 1,16 as. {117
A

(br)iy = (b1, b2, b, 54_. b5, bﬂ,bn bs. 59 bio, bi1, b2, .

— [U; 1_, 1_, a2 — 1_, 2_, a5, 1_, 1_, 1_, ag — 1,(1-9_, a1 + 1,_ 1_, a12 — 1_, 2_, 1_, alg, A1y, - . ]
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v vy v v
?1 as, ?l as, ag, 1?(111 a12, 1?1 l?am aiy, - )

(b )i—y = (b1, ba, b, 154 b5, bfi b? bs,  bo, bio, b, bia,...)
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ia.?) la)G ia»l() a»l?)ia/lb'

¢

?1 as, ?l as, ag, 1?(111 a12, 1?1 l?am aiy, - )

(b )i—y = (b1, ba, b, 154 b5, bfi b? bs,  bo, bio, b, bia,...)




The index jump function

The indexfuncTion

a = [O* ay, w2, a3, a4, a5, e, A7, - - .
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?a:N+—>N+

?Za,(l) =1, iq(2) = 2, for n > 2

iqn+1)=1i4n)+1 +




s The index jump function: an example
UNI‘-‘-’F“RISJTF.T

bs by b1y
_ bf} b? - — bg f""'l""\;l r——— bl?
. l, ag, aq, l, 11, 412, l, 1, l, a1, d17, - ..
N
8, 9, 10, 12,13, 15, 17,

An essential 1 is a CF-element equal to 1
and indexed by a value of the index jump function.
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G The index jump function - properties
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I'ts values are positive integers

The function is increasing

For each slope a and for each positive integer n
Z a ('Tl- _I_ l) — 2 a ('n-) — l Or Z a ('Tl- _I_ l) — Z a ('n-) — 2
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0;aq,1,as,ay,as, a6, 1, as, ag, 1,a11, 1, a3, ayy, . . .|

A
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Ay alk+1)

S/

>1. >1/

//

LSyt Sple LSk Sely
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How ¢,(k + 1) and a;,(;4+1) describe the form of run;
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)
Lyt ospne @Sk s

iglk + 1)



e
oty

@ How i,(k +1) and a;,(441) describe the form of run,
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or M = i, (j+1) Or M = Qj, (k1)1 + 1

e
>1 >1// D

o

Lk?S]T S]TL/{ Sk‘ Sk?




= How io(k 4 1) and a;, 441y describe the form of run,
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m = a;, (k+ aza(k_l_l)

or m = a; 1)
S/
>1. >1/ \g’

® /

ialk +1)
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) The sequence of length specification for a
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by = a1 and, for n > 2:

a; a(n) Ay a(n)
Gy G

b n — 9
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UFMM The index jump function: how it describes the runs
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bs bio b1y
- bg !]_}7 o — I)g f"/l\"\ o — blg
. l, ag, aq, l, 11, 412, l, L l, a1, d17, - ..
Ll
8, 9,10, 12,13, 15, 1T,

Essential 1's are extremely important in description of runs.




Digitization levels
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Level :




Short run length: the CF elements

UNIVERSITET

Level :

15,11 = b,




The most frequent run: essential 1's

UNIVERSITET

Level :

S

1

1 1

aa(kﬂ):

aia(k+1)>




The first run: parity of the function

UPPSALA
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Level :

first, S
[ (kt1) even
[ (k+1) odd

1




S An illustration: for a =2 and a =3:
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P - the n™ prefix according to the run hierarchy

S, - short run of level n

L, -long run of level n

L= 0,1,2,1,1,3,1,1]

Ps =85 = SiLy = (L3S9)(LsS37) = (L") LaS) MLy S)(L,S,)*
- (Slzl‘1)'2‘Srll‘l(‘srlzl‘ISIL1)2(5121‘1)'ESILI(SIELISIL1)3
= (11102110(11101102(11102110(1110110)*

)
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) The sequence of length specification for a
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by = a1 and, for n > 2:

a; a(n) Ay a(n)
Gy G

b n — 9




) The same run length on all digitization levels
LMY :R STT ET

Each class is generated by a sequence (b ) such that:

by € NT and, for n >2, b, € NT\ {1}

Each such (D ) is the sequence of length specification
for some slope
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Two equivalence relations on the set of slopes
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1. based on run length on all levels for s'(a):

a < [(blr 52? b3 )]Nl(eu =

- 4

V k€ N+ HSI{H — bkf

2. based on run construction on all levels for s'(a):

a ~., a




Done until now and to be done after a break:
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1. Background information
2. Intuitions

3. Formal definitions and some motivation

. Some results and open questions:

- description of classes

- fixed point theorem.




s Quantitative equivalence relation (run length)
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Defined by run lengths (their cardinality)

110

IS =L 1S, 1=2, 11S,]1=2, 1S, [1=3.

All lines from the same class have the same run lengths on all digitization levels.




s Quantitative equivalence relation (run length)
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Defined by run lengths (their cardinality)

110

e e e e
== = = B DD BB
o S R T (s T Sty S

1S 1=111S,11=2, 1IS,]1=2. [IS,]I=3.
(b)), = (1,2,2.3,...

All lines from the same class have the same run lengths on all digitization levels.
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Defined by run lengths (their cardinality)

110

e e e e
== = = B DD BB
o S R T (s T Sty S

1S 11=1, [IS,11=2, [IS,]1=2, [IS,]|=3.
(D)0 =(1.2,2.3,...

All lines from the same class have the same run lengths on all digitization levels.
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Defined by run lengths (their cardinality)

110

JOp—

NN =W = =

— === NN BN

1S 11=1, [IS,11=2, [IS,]1=2, [IS,]|=3.
(D)0 =(1,2,2,3,...

All lines from the same class have the same run lengths on all digitization levels.
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Defined by run lengths (their cardinality)

110

—_ = = = = = =
== = = B DD BB

||S||=1 =2, =2, =3.
3 4
(b”)“_ (1,2,2,3,...

All lines from the same class have the same run lengths on all digitization levels.
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Defined by run lengths (their cardinality)

110

|

N\
U8}

IS 11=111S,[1=2, |

— === NN BN

SI1=2, 1Is,)1=3.
(b)) = (1.2.2.3... )

All lines from the same class have the same run lengths on all digitization levels.
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ap, a1, a9, .. ] < [b(); b1,0o,. ..

II

(),

(Do, —bl 1)2 —b) b_l —b ..... )
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The least element of the class :

min{a € ]0,1[\ Q; a € [(by)nen+]~} = [0:01, 1, b, — 1]57,.

The largest element of the class :

max{a € ]0,1[\ Q; @ € [(by)nen+]|~. } = [0:b1, b2, 1,5, — 1],
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Defined by the index jump function

Equivalently defined by the places of essential 1's

All lines from the same class have the same
construction in terms of long and short runs on all
digitization levels.

The least element in each class is O.
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Qualitative equivalence relation (run construction)

A sequence (t5) ey of positive integer numbers will

be called an

e the set J 1s as follows:

essential sequence

1t

J=0,J=NT"or

J = [1, Mz for some M € N,

o the sequence (1)< 7 (if not empty) is a sequence

of positive integers

ke J\{1},tpr —tp_1 = 2

such that £ = 2 and, for




st Qualitative equivalence relation (run construction)
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Each essential sequence defines an equivalence
class under relation con.

An example:

If t;, = 2n — 2 for each n € N then

() nzt] e = [(VD = 1) /2]~ =

~con

(10:¢1,1,¢9,1,¢3,1,.. ], ¢ € NT}.




s Qualitative equivalence relation (run construction)
LJF‘F‘SAL.-"'-._
UNIVERSITET Supremum for each class:

VneNt [V ke[l 1z t =2k

AN (t,>2n VvV |J|=n—-1)

Fon—1

:} Sup{ﬂ_.; (1 E [(IL} :)‘_'fE-]]'““'L'nll } — FZH

where (F},),,cn+ 18 the Fibonacci sequence

and (7;) ;e 1s any essential sequence.
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ap, a1, a9, .. ] < [b(); b1,0o,. ..

II

(),

(Do, —bl 1)2 —b) b_l —b ..... )




| the candidates for max for any J: [0;1,as,...] |

PP t1>2orJ= f:.l//lo as = 2)

= = t] = 2
UPPSALA 01,0, 9 (ien, az = 1)
UNIVERSITET

no max

|th|:= candidates for max: [O L1 ay, ... ] |

ty =4 or [J| = 1//10 ay = 2)
tg =4

EEEEE |ln,| GLR:I—".V;E
[0;1,1, 1,6, ]

3
no max

(1e., aqg = 1)

| the candidates for max: [0; 1, 1111, ag, .. .||

ty =6 or |J| = %.D.. ag = 2)

. (") o
[0;1,1,1,1,1,ag",...] v

no max

t3==06
(le., ag = 1)

o

[the candidates for max: [0;1.1, L1111 as,...]|

ty = 8or |J| = 3//10 ag = 2)

N ty =8
P ) ‘e .
0:1,1,1,1.1, 1, Laf",...] "= 18 (ie, as=1)

no max

[the candidates for max: [0;1,1,1,1.1, I L.LL ayo. . . . ||

ty = 10 or |J]| = %.:5.. ayp = 2)
ty = 10

0; 1, 1,1, 1,1, 1,1, 1 el ) 0 2 (ie., agg=1)
no max
the candidates for max: [0;1,1,1,1,1,1.1, 1 1,1.1,ap,...|

and so on...
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PP t1>2orJ= f:.l//lo as = 2)

= = t] = 2
UPPSALA 01,0, 9 (ien, az = 1)
UNIVERSITET

no max

|th|:= candidates for max: [O L1 ay, ... ] |

ty =4 or [J| = 1//10 ay = 2)
tg =4

EEEEE |ln,| GLR:I—".V;E
[0;1,1, 1,6, ]

3
no max

(1e., aqg = 1)

| the candidates for max: [0; 1, 1111, ag, .. .||

ty =6 or |J| = %.D.. ag = 2)

. (") o
[0;1,1,1,1,1,ag",...] v

no max

t3==06
(le., ag = 1)

o

[the candidates for max: [0;1.1, L1111 as,...]|

ty = 8or |J| = 3//10 ag = 2)

N ty =8
P ) ‘e .
0:1,1,1,1.1, 1, Laf",...] "= 18 (ie, as=1)

no max

[the candidates for max: [0;1,1,1,1.1, I L.LL ayo. . . . ||

ty = 10 or |J]| = %.:5.. ayp = 2)
ty = 10

0; 1, 1,1, 1,1, 1,1, 1 el ) 0 2 (ie., agg=1)
no max
the candidates for max: [0;1,1,1,1,1,1.1, 1 1,1.1,ap,...|

and so on...




F | the candidates for max for any J: [0;1,as,...] |
1 HH=2o0rJ= ry/l{‘ as = 2)
o = t] = 2
UPPSALA F 0:1,a, . 9571 (e, an = 1)
UNIVERSITET 2 P

no max

e

|th|:= candidates for max: [O L1 ay, ... ] |

ty =4 or [J| = 1//10 ay = 2)
tg =4

EEEEE |ln,| GLR:I—".V;E
[0;1,1, 1,6, ]

3
no max

(1e., aqg = 1)

| the candidates for max: [0; 1, 1111, ag, .. .||

ty =6 or |J| = %.D.. ag = 2)

. (") o
[0;1,1,1,1,1,ag",...] v

no max

t3==06
(le., ag = 1)

o

[the candidates for max: [0;1.1, L1111 as,...]|

ty = 8or |J| = 3//10 ag = 2)

(n)_ f4 =2

0:1,1,1,1.1, 1, Laf",...] "= 18 (ie., as = 1)

no max

[the candidates for max: [0;1,1,1,1.1, I L.LL ayo. . . . ||

ty = 10 or |J]| = %.:5.. ayp = 2)
ty = 10

0; 1, 1,1, 1,1, 1,1, 1 el ) 0 2 (ie., agg=1)
no max
the candidates for max: [0;1,1,1,1,1,1.1, 1 1,1.1,ap,...|

and so on...
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| the candidates for max for any J: [0;1,as,...] |
t1 =2o0rJ= ff.l//m as = 2)
; t1 =2
[0; 1.05”’]. o] a;“:x 1 (Le., az = 1)

no max

|th|:= candidates for max: | [0;1, 1,1, ayq,.. .|

ty =4 or [J| = 1//10 ay = 2)

(n)

ﬂn—fn}o
0;1,1,1,a",...] " =" 2

no max

ty =4
(1e., aqg = 1)

| the candidates for max: [0; 1, 1111, ag, .. .||

ty =6 or |J| = %.D.. ag = 2)

. (") o
[0;1,1,1,1,1,ag",...] v

o

no max

t3==06
(le., ag = 1)

[the candidates for max: [0;1.1, L1111 as,...]|

ty = 8or |J| = 3//10 ag = 2)

(m)__ .

0:1,1,1,1.1, 1, Laf",...] "= 18

no max

tg =8
(le., ag = 1)

[the candidates for max: [0;1,1,1,1.1, T

1.1, lt!lg”

ty = 10 or |J]| = %.:5.. ayp = 2)

Py ty = 10
0; 1, 1,1, 1,1, 1,1, 1 el ) 0 2 (ie., agg=1)
no max
the candidates for max: [0;1,1,1,1,1,1.1, 1 1,1.1,ap,...|

and so on...
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| the candidates for max for any J: [0;1

.t'IQ....I|

t1=2o0r J= r,‘;//lo as = 2)

(n)

[U:l.agn’]....] " 07

no max

=2
(1e., aa = 1)

|th|:= candidates for max: [O L1 ay, ... ] |

ty =4 or [J| = 1//10 ay = 2)

01,1, 1,40, V2
¥ . . Y 4 § = om o 3

no max

ty =4
(1e., aqg = 1)

| the candidates for max: [0; 1, 1 1,1,1 ag, .. .| |

ty =6 or |J| = %.D.. ag = 2)

(n)
[0;1,1,1,1,1,a)”,.. ]

s _—;")Cl é
8
no max

t3==06
(le., ag = 1)

[the candidates for max: [0;1.1, L1111 as,...]|

ty = 8or |J| = 3//10 ag = 2)

- =),
0:1,1,1,1.1, 1, Laf",...] "= 18

no max

tg =8
(le., ag = 1)

[the candidates for max: [0;1,1,1,1.1, T

1.1, lt!lg”

ty = 10 or |J]| = %.:5.. ayp = 2)

O

0;1,1,1,1,1,1,1,1,1,alf,...] "=

Gl

LTl
no max

ty = 10
(1e., a;p=1)

|thn candidates for max [D: 1.1.1.1,1,1,1, 1

101, 1.(!12....”

and so on...




P o F | the candidates for max for any J: [0;1,as,...] |
A, L
'j!f‘: |" 1 fl,,_.ll]_j_r:-'//l(‘ _""‘}J

..:.ﬁ._ T s
— t=2
UPPSALA F 0:1,a0, 40 (i, az = 1)
UNIVFRS!T[—T 2 110 1Max

|th|:= candidates for max: [O L1 ay, ... ] |

j D ty =4 or [J| = 1//10 ay > 2)
u ty =4

(n)_ . “
mllluwunﬁﬁilz (Le., ag =1)

3
! <J: no max

| the candidates for max: [0; 1, 1111, ag, .. .||

Fr-a ty > 6 or |J| = %.m.. ag = 2)
)

— tg = 6
0;1,1,1,1,1,a8",...] =72 (i.e.. ag = 1)

E? 10 max
) [the candidates for max: | [0; 1. 1, 1,11, 1,1,1,as,...]|

F ! ty = 8or |J| = //10 ag = 2)
( (=) ty =38

- [[};1!1.11.-1.-1.-1.-1.-&'(811).-"']aa_" “Pﬁg:l]

! ~ no max

_ [the candidates for max: [0;1,1,1,1.1, 11,11, ayo. . . . ||

ty = 10 or |J]| = %.:5.. ayp = 2)
ty = 10

01 10,1, 11,1, 1,1, a5 2 (e, a0 = 1)
no max
the candidates for max: [0;1,1,1,1,1,1.1, 1 1,1.1,ap,...|

and so on...
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| the candidates for max for any J: [0;1,as,...] |

t1=2o0r J= r,‘;//lo as = 2)

(n})
)

[0;1_(;5“:"___]42_}' 1

no max

=2
(1e., aa = 1)

|th|:= candidates for max: [O L1 ay, ... ] |

P ) o
0:1, 1, 1,0, )™= 2

no max

ty =4
(1e., aqg = 1)

| the candidates for max: [0; 1, 1111, ag, .. .||

ty =6 or |J| = %.D.. ag = 2)

. (") o
[0;1,1,1,1,1,ag",...] v

no max

o

t3==06
(le., ag = 1)

[the candidates for max: [0;1.1, L1111 as,...]|

ty = 8or |J| = 3//10 ag = 2)

in) tg =8
0:1,1,1,1.1, 1, Laf",...] "= 18 (ie. as=1)
no max
[the candidates for max: [0;1, 1.1, 1_.1_.11_.1_.1_.1, a. . . . |
ty = 10 or |J| = %.:5.. app = 2)
= ty = 10
0;1,1,1,1,1,1,1,1, 1,4, ...] "= 84 (ie., agg=1)

no max

the candidates for max: [0;1,1,1,1,1,1.1, 1 1,1.1,ap,...|

and so on...
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The set of all right infinite words over {1,2}:

[1,21¢

w: N — {1,2}

w=w()ww3)--- € {1,2}*
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The run-length encoding operator

AZZ {1? 2}6'{’) — NL‘J

Rgkakagks L i € 1 {1,2)
okipkeoks ke if o € 2 1,2}

Al(w) = k1koks -
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The run-length encoding operator - an example:

w =@2@2222222@)222@2@2222222221

N4

Aw)=5117231119, ..
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Fixed point theorem: the constructional word
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UNIVERSITET

The constructional word ~(a) € {0, 1}~

Let a =1[0;aq,as,...]. Forn € N

a”(ﬁ') — ?"'{’,E.(;n’ + 2) _ '?'-”_(T?,- + 1) — 1
"T*"'H( ) 0 (ﬂfia(-u-Jrl))

4 -

0, .S, is the most frequent
run on level n for §'(a)

Yola)

L,, is the most frequent

run on level n for s'(a).




Fixed point theorem: the constructional word
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The constructional word ~(a) € {0, 1}~

Let a =1[0;aq,as,...]. Forn € N

a”(ﬁ') — ?"'{’,E.(;n’ + 2) _ '?'-”_(T?,- + 1) — 1

In ( a ) ( l( Lig(n+1) )

4 -

0, .S, is the most frequent

run on level n for §'(a)

Ynla) = <
L,, is the most frequent

run on level n for s'(a).




Fixed point theorem: the run-construction encoding operator
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Definition The run-construction encoding operator

A UMy — {0,1}* is defined as A, = (17)o(s")7L.

~-UM,
1~ \AC

!

{{)_._ 1}“ > UM,

where U My denotes the set of all upper mechanical words

with 1rrational slope 0 < a < 1 and with intercept 0.
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Let @ €10,1]1\ Q. The word §'(a) = 1l¢(a) has

balanced construction it

JaeR ~v(a)=cla)

Sturmian-balanced construction it

Jael]0,1]\Q ~(a)=cla)

self-balanced construction

Iv(a) = Ac(le(a)) = 1c(a)




e Balanced construction - some examples
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Paper VI. Examples 2, 3, 4, 5.

e The words s'(a) with a = [0; ay. as.as, . . .].
where a;. > 2 for all & > 2,
have balanced construction.

e The words s'(a) with a = [0; ay. 1. as. L.as. 1. az, . ..
where a9, € N7 for all k € NT.
have balanced construction.
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A fixed-point theorem:
exactly 1 fixed point in each equivalence class

Let (bp), -p+ be such that by € N7

and by, € N7\ {1} for all n > 2. Then

Ae(s'(a)).
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A fixed-point theorem:
exactly 1 fixed point in each equivalence class

Let (bp), opn+ be such that b) € N

and b, € NT\ {1} for all n > 2. Then

Jac]0,1\Q
@ € [(bn)yeNtaudOA S'(a) = Ad(s'(a)).
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A fixed-point theorem:
exactly 1 fixed point in each equivalence class

Let (bp), opn+ be such that b) € N

and b, € NT\ {1} for all n > 2. Then

Jac]0,1\Q
a4 < [(bn-)'TZ-EN—}_]Nlen /\ S,(a’) — AC(S,(G’))'




Equivalence classes under the relation len
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Umax = |0; 01,00, 1,63 — 1,1, 04 — 1, 1,65 — 1, .. .|,
Amin — Ulong — [ bl 1 bg — 1 1 bg — 1 l. Z?q — 1 .. ]

ehort = |0: b1, o, b3, by, .,

agy 18 the slope of the fixed point of the run-construction
encoding operator A, i.e., y(afyx) = ¢(afy),
where v is the constructional word.




B The set of all fixed points
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No quadratic surd can be a fixed point!

Their constructional words have rational slopes, if any.

(Proposition 3 in Paper VI).
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S The set of all fixed points
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Theorem Let Fix(A,) C UM, denote the set of all
fixed points of A.. Then:

L. Fix(A,) € ¢/(]0.2[\Q); numbers 0 and 2 are accu-
mulation pomtb of (s")7HFix(A,)).

2. card(Fix(A,)) is equal to that of the continuum.
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Some combinatorial questions
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UNIVERSITET

Combinatorics on words - hew classes of words

Iterations of the run-construction encoding operator

What can one say about the fixed points?
Formulate an iff condition for CFs of fixed points.

Two kinds of description: by the CF-elements and by the
properties of real numbers (transcendental, algebraical)




Thank you for

your attention
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